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Introduction
Stretching surface in a stationary cooling fluid is the main stage in a lot of manufacturing processes such as plastic sheets, glass manufacturing, etc. At low enough values for the velocity ratio, Sakiadis [1] studied the Blasius flow showing that an increase in viscous dissipation enhances greatly the local heat transfer leading to temperature overshoots adjacent to the wall. Crane [2] extended the Sakiadis' work [1] considering the main velocity of outer flow is proportional to the distance from the stagnation point. The study presented rules approximating the temperature and the skin friction as a function of Prandtl number. Elbashbeshy and Bazid [3] showed that the dimensionless heat transfer coefficient decreases with increasing the velocity and decreasing the heat flux. Hossain et al. [4] investigated the effect of the thermal radiation on free convection flow of fluid with variable viscosity from a porous vertical plate showing that the local Nusselt number increases with increasing the local suction parameter. Cortell [5] claimed that the skin-friction parameter is independent of both Prandtl number and source/sink parameter while the permeability parameter increases the skin-friction and decreases the velocity. Also, the suction increases the velocity in contrary to the blowing effect. Yusof et al. [6] concluded that the heat transfer rate increases with unsteadiness parameter and Prandtl number and decreases with the radiation parameter and magnetic parameter. Elbashbeshy et al. [7] claimed that the skin-friction and Nusselt number increase with the dimensionless co-ordinates, thermal radiation, and heat generation/absorption parameter while they decrease with the Prandtl number and magnetic field. Mandal and Swati [8] repeated the work of Elbashbeshy et al. [7] in a porous medium where the shear stress surface increases with the permeability parameter.
Elbashbeshy et al. [9] studied the unsteady flow of Maxwell fluid showing that the modified skin friction increases with the elasticity parameter, magnetic field, and material parameter. Hsiao [10] used the improved parameters control method to investigate the effects of the electrical MHD ohmic dissipation forced and free convection on the Maxwell fluid with a stagnation point. The study created an applicable model in manufacturing processes. Furthermore, Hsiao [11] extended the previous study for a viscoelastic non-Newtonian Carreau-nanofluid on a stagnation point. Shehzad et al. [12] included the effect of the thermal radiation on the steady flow of Maxwell fluid over a flat surface in a porous medium then Waheed [13] repeated the work of Shehzad et al. [12] for an unsteady flow. Their studies showed that the temperature decreases with Prandtl number and increases with the elasticity parameter, while Noor et al. [14] presented a good approach to the effect of the internal heat sink on the heat transfer process. Hsiao [15] showed that increasing the magnetic parameter causes a decrease in the velocity, Nusselt number, in contrary to the material parameter. Also, increasing Prandtl number increases the temperature. Furthermore, Hsiao [16, 17] showed that increasing the free convection parameter decreases the temperature due to increasing the thermal boundary thickness.
Fang et al. [18] presented the non-flatness effect on the boundary-layer development along the stretching surface. Khader and Megahed [19] , Khader et al. [20] , and Eid and Khader [21] repeated the previous study including the thermal radiation, viscous dissipation, and MHD effects. Elbashbeshy et al. [22] studied the flow and heat transfer over a moving surface with variable thickness in a nanofluid in the presence of thermal radiation. The study showed that increasing the power index decreases the velocity in the boundary-layer near the surface, then returns to increasing it. Abdel-Wahed et al. [23] extended the previous work to present the effect of the non-flatness on the mechanical properties of the stretching surface such that the increasing of shape parameter produces a negative effect on the surface mechanical properties. Sulochana and Sandeep [24] studied the forced convection flow of a nanofluid showing that the thermal boundary-layer thickness becomes high in the presence of velocity slip. Also, the skin friction and the Nusselt number become small by increasing the magnetic field parameter. The flow of Maxwell fluid over a stretching surface with variable thickness is also considered by Hayat et al. [25] .
The most previous studies discussed the boundary-layer flow over a flat surface, the others studied the effect of variable thickness (non-flatness) for the Newtonian fluids [18] , for nanofluid [23] , and for Maxwell fluid [25] . The aim of the present work is to discuss the characteristics of the fluid-flow and heat transfer of a Maxwell fluid over a steady moving surface with a variable thickness on the mechanical properties of the surface in the presence of porous media and thermal radiation during the heat treatment process.
Mathematical formulation
Consider a steady, laminar, and 2-D boundary-layer flow of Maxwell fluid over a stretching surface embedded in a porous medium. The surface profile is described with y = a(x + b)
(1-n)/2 and the stretching velocity is U w = a(x + b) n as mentioned in [13, 26] where a and b are constants used to define the wall thickness at the slit (x = 0), the coefficient a is assumed to be very small so that the surface is sufficiently thin [23] , and n -the velocity power index. The surface is assumed to be impermeable. The schematic of the process is shown in fig. 1 . The axis is chosen along the stretching surface in the direction of the motion and y-axis is taken normal to it. The thermal radiation is included in the energy equation. As mentioned in [13, 26] , the equations governing the flow:
subject to the boundary conditions:
where
1-n is the permeability of the porous medium. The fluid is considered to be gray absorbing-emitting radiation, but in a non-scattering medium, as mentioned in [3, 13, 27] . The Rosseland approximation simplifies the radiative heat flux q r in the energy, eq. (3):
where σ * is the Stefan-Boltzmann constant and k * -the mean absorption coefficient [13, 28] . Such as Rapits [28] , considering that the temperature differences within the flow is sufficiently small such that T 4 may be expressed as a linear function of the temperature. Expanding T 4 by Taylor expansion about T ∞ and neglecting higher-order terms:
substituting eqs. (5) and (6) in the energy eq. (3):
* is the effective thermal conductivity. The mathematical analysis of the problem is simplified by introducing the following dimensionless variables [23, 25, 26] :
where F(ξ) and θ(ξ) are dimensionless functions. Equations (2) and (7) are transformed into ODE using the similarity transformation technique. The equation of continuity:
The thermal conductivity is generalized [12, 20, 29] :
where ε is the thermal conductivity parameter and k ∞ -the ambient thermal conductivity. Substituting eqs. (8)- (10) into eqs. (2) and (7) obtains the following ODE:
with boundary conditions:
where β = λ 1 (x + b) n-1 is the elasticity number, λ = 2n/ ak 0 (n + 1) -the porous parameter, R = 16σ
-the wall thickness parameter which describes the wall profile of the stretched surface, and ξ = α describes the surface profile. Let
. Therefore, the similarity eqs. (11) and (12) in combined with the boundary conditions (13):
The local skin friction and the local Nusselt number which are defined:
where Re x = U w (x + b)/n is the local Reynold number [29] . Now, the modified skin-friction is C f (Re x ) 1/2 = -(2n + 2) 1/2 f ″(0) and the modified Nusselt number is Nu(Re x ) 1/2 = -[(n + 1)/2] 1/2 θ ′(0) [23] . The non-linear differential eqs. (14) and (15) subjected to the boundary conditions (16) are converted into the following simultaneous system of first ODE:
where the initial conditions: 
where s 1 and s 2 are priori unknowns to be determined as a part of the solution. The system of eqs. (18)- (22) subjected to the boundary conditions (23) are solved by fourth/fifth order Runge-Kutta method in combination with shooting method in the symbolic computation software Mathematica as used and explained by Elbashbeshy et al. [30] .
Results and discussion
To judge the accuracy of our analysis, comparisons are made with variable results corresponding to skin friction coefficient -f ″(0) and Nusselt number -θ′(0) for velocity power index and wall thickness parameter with those of Fang et al. [18] , Khader and Megahed [19] , Salahuddin et al. [26] , Mabood et al. [31] , and Wang [32] . The comparisons are presented in tabs. 1 and 2 and it is found that the results are in excellent agreement. The velocity index power n defines the surface shape, the type of motion, and hence the behavior of the boundary-layer. Such as, if n = 1, it means that the surface is flat and the boundary-layer is impermeable, if n < 1, the thickness decreases with convex outer shape and converted to suction process. For n > 1, the surface has increasing thickness with concave outer shape and converted to injection process. On the other hand, for n = 0, the motion becomes linear with constant velocity, decelerated for n < 1 and accelerated for n > 1. Figure 2 shows that the velocity slightly decreases with increasing the velocity power index n and fig. 3 shows that increasing the value of n produces an increase in the temperature profiles. So the larger value of n increases the thermal boundary-layer thickness. From fig. 4 , for n < 1, as α increases the velocity slightly decreases, consequently, the boundary-layer becomes thinner and thinner, while fig. 5 shows that for n > 1 the velocity increases and the boundary-layer becomes thicker. On the other hand, fig. 6 shows that for n < 1, as α increases the temperature decreases due to the slowdown in the flow while fig. 7 shows the increase in the temperature with increasing α for n > 1. Figure 8 shows that the horizontal velocity decreases with increasing the values of porous parameter λ due to the increase of the pores in the stretched surface. Furthermore, the momentum boundary-layer thickness decreases as porous parameter λ increases while the temperature is enhanced with increasing the porous parameter as shown in fig. 9 . Figure 10 shows that increasing the relaxation time, β, reduces the velocity and hence decreases the boundary-layer thickness which in turn increases the temperature as shown in fig. 11 . The thermal conductivity is enhanced due to the increase of ε, and then more heat is exchanged between the stretched surface and the adjacent layers of the fluid. This phenomenon in turn explains the increase in the temperature profile as shown in fig. 12 . From fig. 13 , it is observed that increasing Prandtl number decreases the temperature and the thermal boundary thickness. Physically, for higher values of Prandtl number, the thermal diffusivity of the fluid decreases then the fluid has larger heat capacity. The effect of the thermal radiation on the temperature profiles is presented in fig. 14 . It is observed that the temperature field and the thermal boundary-layer thickness increase with the increase of the thermal radiation R. Figure 15 shows that the modified skin friction increases with α for the convex surface (n < 1) and decreases with α for the concave surface (n > 1). Physically, as n increases the flow slow down over the stretching surface causing an increase in the modified skin friction. Finally, the figure shows that for high α the effect of it tends to be one value such as the effect where n = 1. Figure 16 shows that the modified Nusselt number increases with α > 1 for the convex shape (n < 1) and decreases for the concave shape (n > 1). Table 3 presents the values for the modified skin friction coefficient and the modified Nusselt number at different settings. The first part in tab. 3 shows that the modified skin friction increases and the modified Nusselt numbers decreases with increasing the velocity power index. Physically, increasing the power index n increases the effect of the friction between the surface and the adjacent fluid, and increases the heat transfer by conduction. Therefore, the rate of heat transfer from the surface will be decreased, which has a direct negative effect on the mechanical properties of the surface such as hardness, stiffness, strength, etc. The second part in tab. 3 shows that increasing the wall thickness parameter α for convex outer shape (n < 1) increases the modified skin-friction and Nusselt number while for concave outer surface (n > 1) it decreases them, which indicates that the effect of the wall thickness parameter is mainly effected by the surface outer shape. As mentioned before, for high β, the viscosity and resistivity of the fluid are increased inducing more friction within the fluid and reduces the velocity of the flow. These effects appear in increasing the modified skin friction and lowering the modified Nusselt number as tabulated in the third part of tab. 3. The fourth part shows that the modified skin friction increases and the Nusselt number decreases with increasing the porosity parameter λ due to the increase of the pores in the stretched surface as mentioned before. The fifth part shows that the modified Nusselt number decreases with increasing the thermal conductivity parameter ε. Physically, the increase of ε enhances the heat transfer by conduction which reduces the modified Nusselt number. The sixth and seventh parts of tab. 3 show the effect of Prandtl number and the radiation parameter, respectively. For high Prandtl numbers, the modified Nusselt number is high. While, the thermal radiation lowers the modified Nusselt number. The two parameters have no effect on the local skin-friction. 
Conclusions
In this study, the flow and heat transfer of the Maxwell fluid over a stretching surface with variable thickness embedded in a porous medium in the presence of thermal radiation is investigated numerically. The key points are summarized below: y The velocity power index n and the wall thickness parameter α control the mechanical properties of the stretching surface. For n < 1, the wall thickness parameter α slightly decreases the velocity and the temperature while, for n > 1, it strongly increases them. y The elasticity parameter β and the porous parameter λ decrease the velocity profile but they increase the temperature profile. y The temperature distribution increases with increasing the thermal conductivity parameter ε and the thermal radiation parameter, R. But it decreases when Prandtl number increases which in turn reduces the thermal boundary thickness. y The modified skin-friction C f (Re x ) 1/2 with increasing α (for n < 1), β, and λ. While it is decreased with increasing α (for n > 1). y The modified Nusselt number Nu /(Re x ) 1/2 is increased by increasing ε, α (for n < 1), and Prandtl number. Whereas increasing n, α (for n > 1), β, λ, or R reduces this number. y The heat transfer is enhanced by increasing the elasticity, the porous, the velocity power index, the thermal conductivity, and the thermal radiation parameters. Subscripts and superscript w -condition on the wall ∞ -free stream condition n -velocity power index, [-] 
